This paper outlines a mathematical approach to the interpretation of postharvest batch behaviour based on the underlying processes occurring at the level of the individual food items and on the amount of biological variation present. This technique opens the door to a mechanistic interpretation of postharvest batch behaviour, both qualitative and quantitative, enabling the postharvest industries to improve their control of the quality of their produce throughout the postharvest chain. The generic approach is outlined and applied to case studies on shrivelling of 'Braeburn' apples, the colour change of 'Hass' avocados and stress crack development in corn grains.
Introduction
Postharvest treatment of horticulture crops aims at prolonging shelf life. The end of the commercial shelf life of individual produce items is reached when the limiting quality attribute reaches its critical level for acceptance (Tijskens, 1995; Sloof et al., 1996) . If all individual items in a batch were identical they would all reach the critical limit at the same moment and the whole batch would become instantly unacceptable. However, because of biological variation, this is not the case with some items becoming unacceptable either earlier or later. The percentage of unacceptable fruit over time sigmoidally increases from 0 to 100% with the slope of the curve relating to the amount of biological variation within the batch. A very homogenous population will show a very steep curve, while a heterogeneous population will have a shallow curve. Often, this behaviour can be properly described using the symmetric logistic function Hertog et al., 1999) . In other cases, the sigmoidal curve is not symmetric (Bertolini and Tian, 1996) or never reaches 100% (Sarwar and Kunze, 1989; van der Sman et al., 1996) . Results like these trigger the awareness that, to fully understand the behaviour at the population level, we need to go back to the level of the individual items involved. The exact shape of the sigmoidal curve describing the population behaviour will depend on the underlying physiological mechanism dictating the relationship between shelf life and the product property (or properties) subject to biological variation. This paper presents a generic analytic approach to model the type of population dynamics outlined here, explicitly taking into account the underlying mechanism. The technique will be illustrated using the case of shrivelling of 'Braeburn' apples, the colour change of avocados and stress crack development in corn grains.
Generic modelling approach
It is assumed that the rejection or acceptance of individual items in a batch is based on some biology-based quality aspect (Q) whose behaviour as a function of time (t) can be described using some mechanistic model (Fig. 1A) . Furthermore, some product property (p) is identified as being the main source of biological variation in determining the quality Q. The mechanistic model is now defined as Q (t, p) . The individual items will be rejected once their quality reaches the limit for acceptance (Q lim ) at the end of their shelf life (t shelf ; Fig. 1A ). By solving Q(t, p) for t shelf , t shelf can be defined as a function of Q lim and p (resulting in: t shelf (p, Q lim ); Fig. 1B ).
When dealing with a batch, there is not one single value for p, but a whole distribution of p-values ( Fig. 2A) . Using the function t shelf (p, Q lim ) the distribution of p-values can be transformed into a distribution of corresponding t shelf values ( Fig. 2A) . This frequency distribution f(t shelf ) defines how many items will subsequently reach Q lim given the value of p for each item. The cumulative frequency distribution of t shelf (F(t shelf )) describes what percentage of the batch reached Q lim as a function of time. This sigmoidal curve results from the transformation of the cumulative frequency distribution of p, again using the function t shelf (p, Q lim ) to do the transformation (Fig. 2B ). This F(t shelf ) is the desired relationship describing the percentage of unacceptable items over time incorporating the underlying mechanism describing how and why the items do become unacceptable. This whole procedure has to be conducted for each new mechanism studied and the result in terms of F(t shelf ) will strongly depend on the mechanism studied.
Assuming a normal distribution of product property p defined by its average (v p ) and its standard deviation (S.D.; | p ), the cumulative normal distribution of p given by F(p), will be symmetric. If the transform function t shelf (p, Q lim ) is linear (Fig. 3A) , the distribution of t shelf will be Fig. 1 . This figure visualises how the shelf life (t shelf ) of an imaginary product based on quality attribute Q depends on the limit of acceptance (Q lim ) and some product property (p) being the main source of biological variation (Fig. 1A) . This function (t shelf (p, Q lim )) can be used to find the corresponding t shelf for a given value of p (Fig. 1B) . Fig. 2A ). In the same way, the cumulative frequency distribution for p (F(p)) can be transformed in the cumulative frequency distribution of t shelf (F(t shelf ); Fig.  2B ) describing the percentage of items becoming unacceptable during time.
distribution (Eq. (1)) there is no analytic solution for its cumulative distribution.
Generally, the logistic binomial function for proportions (Eq. (2)) is recognised as a good approximation of the cumulative normal distribution with x= a/b indicating the inflection point corresponding to the population average v, and the parameter b being related to the S.D. | (Bollen, 1993; Brown and Rothery, 1993) .
(2) Fig. 3 . See Fig. 2 , but now with a linear monotonously increasing relationship between shelf life and the variable product property p (Fig. 3A) and a non-linear monotonously decreasing relation between shelf life and the variable product property p (Fig. 3B) . In this last case 1− F(t shelf ) should be used to correct for the inversion imposed by the transform function.
normal as well and the cumulative distribution F(t shelf ) is again symmetric. In all other cases the resulting distribution of t shelf will be skewed, resulting in an asymmetric F(t shelf ) (Fig. 2B ). In the case where the transform function is monotonously increasing (Fig. 3A, Fig. 2B ), the resulting F(t shelf ) can be used directly. In the case of a monotonously decreasing transform function, 1 − F(t shelf ) should be used to correct for the inversion imposed by the transform function (Fig.  3B) .
Theoretically, the approach can be applied for any given distribution of p as long as the analytical solution of the corresponding cumulative distribution exists. However, even for the normal opment of shrivel among individual apples and grower lines (Maguire et al., 2000) . The large variation in water vapour permeance (P% H 2 O in mol s
) of the fruit skin is assumed to be the most important source of variation responsible for the variability of incidence of shrivel (Maguire et al., 1999 (Maguire et al., , 2001 ). Shrivelling of a batch of apples can be modelled based on a mechanistic approach describing the weight loss of individual apples, assuming that the fruit-to-fruit variation is solely due to the variation in water vapour permeance.
Modelling weight loss of indi6idual apples
Transpiration by fruits involves the diffusion of water from the fruit into the surrounding atmosphere and can be described using the two dimensional steady state solution of Fick's first law of diffusion (Maguire et al., 2001) :
with, r% H 2 O is the rate of water loss from the whole system (mol s ) and the initial weight of the product (M 0 , kg). Together this results in an overall weight loss of:
Assuming constant environmental conditions (temperature and atmospheric composition), respiration by the product can be treated as constant. The resulting analytic solution describing how, under constant environmental conditions, the weight of an individual fruit linearly decreases with time is given by Eq. (6): To see how the parameter b relates to the S.D., the derivative of the logistic equation was compared with the normal distribution for a/ b = v. The two functions agree when b = 22/ |y. Combining Eq. (2) with these two relationships that describe how a and b relate to v and |, resulted in the following approximation of the cumulative normal distribution:
A graphical evaluation (Fig. 4) showed that although the match between the normal distribution and the approximation based on the logistic function is not exact, the two are close enough to suit our purpose. To illustrate how to apply and to show the added value of the approach outlined above, it will be applied to a number of cases of increasing complexity.
Shrivelling of apple
During storage, apples lose weight through transpiration and respiration (Maguire et al., 2001) . Once weight loss of apples increases to about 3 -10%, shrivel (visible wrinkling of the fruit skin) occurs. There are high levels of variability in the levels of weight loss and the devel-
The weight loss of a typical 'Braeburn' apple during storage under ambient air at 0.5°C is depicted in Fig. 5A . Shrivelling is assumed to occur at time t shrivel , when the mass is reduced to 95% of its initial mass (M 0.95 ; Maguire et al., 2000) .
Incorporating fruit-to-fruit 6ariation
As apples are generally sorted according to count size, resulting in batches of homogeneously sized fruit, skin permeance to water is the main source of fruit-to-fruit variation. The rate of weight loss will vary depending on the actual value of P% H 2 O resulting in different times (t shrivel ) at which the fruit will reach their critical value (M 0.95 ). Solving Eq. (6) for t = t shrivel results in a function describing the time an apple will take to shrivel as a function of its P% H 2 O (Eq. (7); Fig. 5B ) within a batch of apples, the P% H 2 O is practically normally distributed (Maguire, pers. comm.) .
Thus, the incidence of shrivel in a batch of apples as a function of time can be described using the approach outlined above. This can be done by transforming the cumulative normal distribution of P% H 2 O (given by Eq. (3)) using Eq. (7). To perform this transformation, Eq. (7) has to be solved for P% H 2 O and substituted for x into Eq. (3) with v and | now referring to the average and S.D. of P% H 2 O . As, in this case, the transform function (Eq. (7)) is monotonously decreasing, 1 − F(t shelf ) should be used to correct for the inversion imposed by the transform function resulting in:
This equation can be used to predict the shrivel incidence in batches of apple fruit over time, Fig. 5 . Weight loss of a typical 'Braeburn' apple during storage under ambient air at 0.5°C and 93.5% RH (Fig. 5A ). Shelf life is limited by shrivelling, occurring at t shrivel when the fruit mass is reduced to about 95% of its initial weight (M 0.95 as compared with M 0 ). This time to shrivel is highly variable and depends on the water vapour permeance of the fruit (P% H 2 O ; Fig. 5B ).
describing what percentage of the fruit in the batch incurred shrivel due to a weight loss exceeding 5% of the initial weight. Eq. (8) (estimated according to Clayton et al., 1995) and storage under air at 0.5°C and 93.5% RH (Dp H 2 O = 41.0 Pa). The respiration rate (r CO 2 ) at 0.5°C was set to 34.1E-9 mol.kg − 1 ·s − 1 (Hertog et al., 2001) . Water vapour permeance (P% H 2 O ) of model equation may appear to be complex the advantages of this approach over fitting some general asymmetric sigmoidal equation are numerous. Each of the model parameters has a clear meaning as they are founded on underlying physical and physiological processes. As the model is based on a generally accepted mechanistic approach, the model can easily be used to account, for instance, for the effect of temperature (poten-tially affecting both average permeance and res-piration rate), the effect of modified atmospheres (via the humidity effect on driving force for water loss and via oxygen and carbon dioxide levels on their effect on respiration rate) or the effect of reducing the variation by sorting batches of fruit into different storage lines according to their permeance.
Colour change in avocado
'Haas' avocado fruit are harvested at an immature green stage. Skin colour changes reflect the ripening of the fruit. Due to biological variation in maturity at harvest, an apparently initial homogeneous batch of green fruit can result in a very heterogeneous batch of still green and already coloured fruit. For the industry it will be important to either sort these fruit at an early stage into more homogeneous batches, or to be able to predict when a certain batch will have reached a certain critical level of ripening.
With avocados, the fruit-to-fruit variation in colour development (Fig. 7) could not be directly related to the initial green skin colour. To identify the source of variation between individual avocados due to variation in maturity, a more sophisticated approach was needed. Colour change of 140 avocado fruit (cv Hass) stored at 7°C was measured as hue values using a chromameter and analysed using a logistic model to identify the main source of variation in terms of the model parameters. Subsequently, batch behaviour for avocados, in terms of the percentage of fruit coloured to a certain critical level, was deduced based on the developed model. each individual fruit was measured as described in Maguire et al. (2000) . The model predictions for the shrivel incidence of the 35 batches (Fig. 6) were based on the average P% H 2 O and their S.D. as measured on the individual fruit. When comparing the model predictions to the experimental data, there was a close agreement between the two. Some of the variation not accounted for was due to variation in other factors than P% H 2 O , such as the exact humidity in the different storage facilities, variation in respiratory activity, fruit size, surface area and weight loss until shrivel. Fig. 6 compares the results for four grower lines that had distinctly different average P% H 2 O values and different levels of fruit-to-fruit variation. Together these account for the position and the shape of the logistic curve describing the batch behaviour of shrivelling 'Braeburn' fruit. It should be emphasised that the simulated lines (Fig. 6) were not fitted to the observed shrivel incidence data but are real predictions based on the withinbatch variation in P% H 2 O values and the above mentioned values of the other model parameters.
Benefits
Even though the process of deriving the final
Modelling colour change of indi6idual a6ocados
Tijskens and Evelo (1994) modelled the colour change of tomatoes using a logistic curve. With tomatoes changing from green to red, the a and b values measured in the Hunter system increased with time. Ripening avocados that turn from green to black resulted in hue values (H) decreasing over time (Fig. 7) . To allow for this, the model formulation from Tijskens and Evelo (1994) was slightly adapted resulting in:
describing hue (H in°) over time (t in days) as a function of the two asymptotic hue values (H + and H − , both in°) at plus and minus infinite time, the rate constant k (day
) and the initial hue value H 0 (°).
In applying models to different fruit, batches or cultivars, it is worthwhile to consider what parameters can be assumed to be either in common for a particular fruit species or cultivar or specific for a particular batch or cultivar (Tijskens and Evelo, 1994; Hertog et al., 1997; Schouten and Van Kooten, 1998; Tijskens et al., 1998; Hertog et al., 1999) . Preliminary analysis revealed that the rate constant k could be treated as a constant (k = 0.213 day − 1 ) for all avocados measured.
As not all avocados reached their final constant end hue value (H + ) within the time span of the experiment this model parameter was not unambiguously defined for all avocados. However, forcing one common H + value (H + = 35°) upon the avocados did not noticeably reduce the statistical accuracy of the model fit. The change in hue of individual avocados could still be described with explained parts of over 97%. The assumption of a common H + value seems to be justifiable, assuming that all avocados ripen to a comparable intense purple/black colour.
The model parameter most important in determining the variation between individual avocados was the initial hue H 0 relative to its minus infinite value (H − ). Fruit showing a delayed colour change had a H 0 close to H − . The smaller H 0 relative to H − the earlier the colour of the fruit changed. The model parameter H 0 was set to the measured initial hue value. As a result, the only model parameter left to define the observed fruitto-fruit variation was H − . To include the relativity of H 0 to H − the latter was defined in terms of the first by introducing:
Instead of estimating H − directly, the parameter C was estimated for each of the 140 individual avocados by fitting the combined Eqs. (9) and (10) to the experimental colour change data. This resulted in a distribution of C-values characterising the fruit-to-fruit variation in the batch of avocados measured (Fig. 8A) . The parameter C can be interpreted as a maturity index, indicating the biological age of that particular avocado.
Incorporating fruit-to-fruit 6ariation
As the model parameter C is characterising the observed fruit-to-fruit variation this information can be used to determine the batch behaviour of ripening avocados in terms of the percentage of fruit coloured to a certain critical hue level. Depending on the actual value of C, avocados will (Fig. 8A ) and of its normal logarithmic transformed values (Fig. 8B) . Parameter C can be interpreted as a maturity index. Fig. 9 . Ripening of a batch of 'Hass' avocados expressed as the percentage fruit that reached a critical hue value of 80°. The data points represent the observed batch behaviour of the fruit. The model predictions (lines) are calculated using Eq. (12) and are based on the observed average C% and its S.D. (Fig. 8) .
describing the percentage of avocados in a batch ripened to a certain critical hue value as a function of time, can be generated by transforming the cumulative normal distribution of C% (given by Eq. (3)) using Eq. (11). To perform this transformation, Eq. (11) has to be solved for C and, after applying a normal logarithmic transformation to get an expression for C%, substituted for x into Eq. (3) with v and | now referring to the average and S.D. of the transformed C% values. As, in this case, the final transform function (Eq. (11) in terms of C% instead of C) is monotonously increasing, no further correction is needed, resulting in:
The final model from Eq. (12) was used to describe the batch behaviour of the measured avocados (Fig. 9) . In this example an arbitrarily critical hue value (H crit ) of 80°was used. However, the model could be used with any value of a H crit depending on specific requirements the avocado industry might have. Again, it should be emphasised that the model prediction from Fig. 9 was not fitted to the observed data but is a real take different times to ripen (t ripen ) to a critical hue value (H crit ). Combining Eqs. (9) and (10) and solving for t= t ripen resulted in a function describing the time an avocado will take to ripen as a function of its C-value (Eq. (11)):
One requisite of the developed approach is that the variable causing the biological variation should follow a normal distribution. As can be seen from Fig. 8A , the distribution of C did not comply with this. However, after applying a normal logarithmic transformation (C% = −ln(C), the resulting C% values were normally distributed (Fig. 8B) .
The cumulative distribution of t ripen (F(t ripen )),
prediction based on the within batch variation of C%-values.
Benefits
Even though it looks a long way round to get to the sigmoidal curve from Fig. 9 , applying the developed technique opens the door to an improved interpretation of the observed batch behaviour of avocados. If, for instance, the effect of temperature on the rate constant k for individual fruit is known, the effect of temperature on a whole batch of fruit can be extrapolated from there. Once the source of variation is identified and linked to some physiological property of the product, at-harvest characterisations can be used to predict the divergent behaviour of batches further down the logistic chain resulting in sophisticated harvest strategies with respect to harvest time and the allocation of batches to different purposes.
Stress crack development in corn grains
Finally, the developed technique was applied to develop a qualitative conceptual model to an ultimate batch problem, the development of stress cracks in corn grains. This was the case study that triggered the development of the outlined approach. However, because of its complexity and the lack of data and expert knowledge to validate this model, this example will not be discussed in detail.
One of the main quality problems with corn is the development of stress cracks after drying. The level of cracking (single or multiple cracks) affects the breakage susceptibility of the grains when subjected to impact force during handling and transport (Gunasekaran and Muthukumarappan, 1993) . The development of stress cracks is generally believed to be related to tension developing within the grain due to moisture and temperature gradients induced by drying, tempering and cooling (Litchfield and Okos, 1988) and are affected by factors like temperature, humidity, and time. Work by Kim (2000) revealed that the stress crack development in a batch of corn grains was related to the average size of the grains. Small grains showed less severe cracking than larger grains. Furthermore, the sigmoidal curve describing the percentage of grains with multiple cracks over time was not symmetric.
Conceptual model
A simple conceptual model was developed assuming two compartments in a corn grain, a core and a shell. The core exchanges moisture with the surrounding shell, while the shell also exchanges moisture with the surrounding air, all described using Fick's first law of diffusion. During drying and depending on the drying conditions, a moisture gradient is generated between core and shell. The stress incurred was defined as the integral of this moisture difference between core and shell, thus incorporating the combined effects of time, temperature and humidity during drying. The incurred stress is affected by the size of the grain, as large grains will take longer to dry and thus result in more stress accumulating. Cracking was assumed to occur as soon as the stress exceeded a certain critical level. By combining this qualitative description of stress developing in individual grains with the outlined population approach, the effect of biological variation in grain size on the batch behaviour of corn grains was studied using hypothetical parameter values for the model.
The observed model behaviour (Fig. 10 ) agreed very well with the typical development of stress cracking as observed for various size and shape categories for four different corn hybrids as described by Kim (2000) . The percentage of intact grains rapidly decreased as the corn grains started to develop single cracks. During time the grains with single cracks started to develop multiple cracks resulting in a decrease in the percentage of grains with single cracks in favour of an increasing percentage of grains showing multiple cracks. Given certain drying conditions, the level of grains with severe multiple cracking depended on the average grain size. A batch with, on average, large grains ended up with 100% of the grains showing multiple cracks (Fig. 10A) . A batch with, on average, smaller grains ended up with less than 100% of the grains showing multiple cracks (Fig. Fig. 10 . Model output of the qualitative conceptual model describing stress cracking during drying of batches with, in average, large (Fig. 10A) or small (Fig. 10B) one should always realise that rate constants in kinetic models are by definition constant as they are a property of the system involved. However, apparent rates can vary between individual items due to, for instance, differences in concentrations of substrate or enzyme available. In the case of shrivel in apple, the diffusion rate constant of water in air stays constant, but due to structural variation in the skin individual apples have different values for their water vapour permeance (which is in fact an apparent rate). Again in the case of stress cracking of corn grain it is not the diffusion rate constant of water vapour that is varying between individual grains, but the size of the grain resulting in different lengths of the diffusion pathway of water. In the case of avocados, the rate of colour change is treated as a real constant and the variation is coming from the variation in the relative initial colour (which can be considered as a substrate). This stresses the importance of a sound decomposition of the problem to allow correct identification of the source of variation.
The developed approach can be applied to a wide range of postharvest issues such as colour and texture changes, occurrence of physiological disorders, or rots due to microbial infection. This extension of a mechanistic modelling approach to include biological variation enhances the understanding of batch dynamics, which is of a great commercial value to the horticulture industries.
The outlined approach differs from techniques based on repeated model runs with varying parameters, in that it is less computationally by intensive and that it is describing the acceptability of a batch instead of setting confidence intervals to the average fruit behaviour. 
